Using Baylor University's C++ software for construction of weakly coupled free fermionic heterotic string models, called the FF Framework, we explicitly construct the level 1 Kač-Moody ten dimensional heterotic string models with the aim of understanding the redundancies endemic to this construction method. We show that for models in any even number of large space-time dimensions with a massless left mover and an odd ordered right mover, the maximal number of space-time supersymmetries are present. We show that in order to produce all of the models for a given order, different basis vectors must be built; one cannot vary only the GSO coefficients. We also show that all combinations of two order-2 basis vectors do not produce the same models as all possible single order-4 basis vectors, implying the product of the orders used in a search does not necessarily determine the models built. We also show that to build all of the D=10 level-1 models the inputs must be: sets of single order-6 basis vectors, pairs of basis vectors with orders 3 and 2, or sets of three order-2 basis vectors.
I. INTRODUCTION
It was recently shown that possible string theory derived models which are physically consistent number at least approximately 10 500 . [1, 2] The sheer volume of possible models has prompted computational and analytic examinations of the "landscape" of possible string vacua. [3] [4] [5] [6] [7] [8] [9] [10] The weakly coupled free fermionic heterotic string (WCFFHS) construction [11] [12] [13] method has produced the most phenomenologically realistic models to date. They are also somewhat easily produced via computer programs, and random basis vector and GSO coefficient sampling [50, 51] or statistical sampling of GSO coefficients for a fixed set of basis vectors [52] been performed. However, random sample searches of the input parameters have several problems which are not trivial to address. [53] Systematic searches circumvent these problems by building all possible inputs given certain constraints. Algorithms for efficiently and systematically generating the input for WCFFHS models were reported in [54] . Already such searches have revealed novel realizations of certain gauge groups. [55] Baylor University's C++ software framework for this type of construction, called the FF Framework, is performing several systematic searches of models with ten and lower large space-time dimensions. Since the ten dimensional models achievable in this manner are well known [56] and the degrees of freedom for the inputs are fewest, the goal of this paper is to study the inputs producing the models and look at redundancies which occur. These are then tested for models with fewer large space-time dimensions with the ultimate goal of reducing the total computation needed to perform searches in the space of four dimensional WCFFHS models, where realistic models appear.
The heterotic theories consist of closed strings which have independent sets of left and right moving modes. The left moving modes are ten dimensional superstrings, while the right moving modes are 26 dimensional bosonic strings. WCFFHS models are constructed by specifying the phases that fermion modes gain when parallel transported around non-contractible loops on a genus-1 world sheet of a string. The number of possible values these phases may take is referred to as the order, while the number of "basis vectors" of phases used to specify the model is referred to as the layer. The layers form a basis set, and linear combinations of this basis set produce sectors from which the physical states of the model are built. The force and matter content is then determined from the symmetries of these states. The following statements are true regarding this method:
• There are many redundancies endemic to this construction method.
• The number of unique models accessible to this method is finite.
These two statements imply that an understanding of the redundancies present in this construction at large space-time dimensions (D) above 4 could bring into reach the construction of all unique D=4 models by this method. This is the motivation for the present study. Additionally, further correlations between the basis vectors and the massless spectrum allow future searches to be more focused on producing semi-realistic models.
II. D=10 HETEROTIC STRING MODELS IN THE FREE FERMIONIC CONSTRUCTION
The spectrum of D=10 heterotic string models has been well tabulated. [56] All of these are presented in detail in Table I , except for an additional heterotic model containing a single E 8 at Kač-Moody level 2. In the free fermionic construction, the latter model is constructed using real Ising fermions 1 [57] [58] [59] [60] [61] [62] [63] [64] [65] [66] , which have not been included in the present study. The emphasis of the discussion to follow will be on the different manifestations of the construction parameters which produced the D=10, level-1 models. Such an examination will provide clues as to the redundancies inherent to the free fermionic heterotic construction, and will aid in more efficient systematic examinations of the input parameters for models with fewer large space-time dimensions.
All of the searches have the following parameters fixed:
• The first basis vector, ½, in each model is completely made up of periodic modes ( 1 8 || 1 32 ), and serves as a canonical basis for the vectors. It is not shown when describing the input for a model.
• The four left moving complex world-sheet fermions ψ 1 c , ..., ψ 4 c (in light cone gauge) with space-time indices have all periodic boundary conditions and may contribute to the matter states in the model as well as the gauge states. The orders specified will be for the right moving part of the basis vector only, the left moving part will always be order 2. Thus, the total order remains N for N even , and 2N for N odd . • The number of ST SUSYs is found by counting gravitinos 2 .
III. SEARCHES WITH ONE BASIS VECTOR
For the searches with a single basis vector (beyond the all-periodic), the order was increased with all possible basis vectors of that order investigated. Figure 1 shows the number of unique models vs the order of the basis vectors in the search. Notice that for odd orders, there are only two unique models constructed. For each of the odd orders, the models are SO(32) and E 8 ⊗ E 8 , both with N = 1 space-time supersymmetry. These are the only supersymmetric models present in the D=10 heterotic landscape.
ST SUSY in WCFFHS models, as mentioned in section II, is determined by counting gravitinos. Computationally, this involves first picking out all gravitino generating sectors as linear combinations of the basis vectors. This sector 
The left moving side of the basis vector, however, has a Z 2 symmetry, and its values go though the following transformations:
Because the basis vector elements have the Z L 2 ||Z R 3 symmetry rather than a purely Z 6 symmetry, the gravitino generating sector always emerges. More generally, for any odd right moving order N , the basis vector (and consequently the associated sectors) has a Z L 2 ||Z R N symmetry, rather than a purely Z LCM(2,N ) symmetry. Therefore all basis vectors with odd right moving orders will produce a gravitino generating sector. We now conjecture that any model of even dimension with a single basis vector of odd order and massless left mover has the maximal number of space-time SUSYs. Models matching these conditions are presented in Table II. The table clearly shows this conjecture to be true for D = 4 models and D = 6 models meeting these criteria. The conjecture was tested for order-5 models in D = 4 and D = 6 large space-time dimensions as well, with a sample of the relevant models (containing a massless left mover only) presented in Table III . All of those models (and the ones not shown explicitly) contain the maximal number of space-time supersymmetries.
To prove this conjecture, one must consider how the gravitinos are created from the sector. Applying the raising and lowering operator, F , according to the following equation generates possible gravitinos:
where Q is the state, α is the sector which generated the state, and F is the raising/lowering operator. F is any vector consisting of 0, ±1 such that the state is massless. 4 The GSO projections will then choose which possible states generated by the F 's in Equation 3 is physically present in the model. The equation for the GSO projections is
where Q α is the state coming from the sector α, a i are the coefficients which produced the sector α, k ji are elements of the GSO coefficient matrix, and s i is equal to one if v j is a space-time fermion sector, and 0 if v j is a space-time boson sector. The dot product in equation 4 and the other equations in this section is a Lorentz dot product, where the dot products of the right movers are subtracted from the dot products of the left movers. Moreover, complex modes contribute twice as much to the dot product as real modes.
In the case of gravitinos, the mass shell condition for the right movers is ignored. For gravitinos, the space-time boson modes customarily left out of this construction method to save computing resources are raised. When the space-time boson modes are raised, none of the other right moving modes can be raised without giving the state mass.
The masslessness condition for the left movers is already fulfilled when the SUSY generating sector is produced. Since the raising operators will make the left mover massive and the lowering operators do not change the mass, only the lowering operators are applied. Lowering the space-time fermion modes will change the spin state of the same gravitino (within its given helicity). Only one gravitino helicity is allowed by the GSO projections per model in ten dimensions, while both can be present in dimensions lower than ten. Lowering the compactified modes (in models with less than ten large space-time dimensions) will create distinguishable gravitino states. This is the reason that D=6 models have N = 2 space-time SUSY, while D=4 models have N = 4.
The possible gravitino states can be categorized by which compact fermion modes (and space-time modes for D=10) have been lowered with the F operator. These fall into one of two categories based on their dot products in the GSO projections Equation 4. The possible gravitino states for D=10, 6, and 4 are listed in Table IV . The GSO projection equations will reveal why models with a single odd ordered basis vector and a massless left mover always have the maximal number of space-time SUSYs. For possible gravitino states, Equation 4 can be simplified.
• The coefficients producing the sector for this class of model is always (0, N R ) where N R is the order of the right mover.
• s j is equal to 1 since the only basis vectors producing the model are ½ and v.
The conjecture can be shown heuristically by noting that with only two possible dot product values and two possible values for k 1 v , the space of potential gravitino states can be divided into two parts. This gives a maximum space-time SUSY of N=1 for D=10, N=2 for D=6, and N=4 for D=4, which is known to be true. It can, with some effort, also be proven mathematically. , while a -represents a charge value of − 1 2
. The dot products for both of the GSOP constraints are in this case identical. Note that the y i , w i values can also be periodic and thus can vary, but permutations of x i , y i , w i produce identical models when there is only one basis vector with a massless left mover. The states above are presented in a complex basis.
The GSOPs with the above conditions applied are
for "even" gravitinos (dot product is equal to zero mod 2). For "odd" gravitinos (dot product equal to one mod 2) the GSOPs are
This constrains the possible values that k 1 v and k v v can take in order for the possible gravitinos to survive the GSO projections.
where k e ij is the GSO coefficient required for the even gravitino to pass, and k o ij is the GSO coefficient required for odd gravitinos to pass. These are the conditions which must be proven to show that basis vectors with a massless left mover and odd ordered right mover always produce the maximal number of space-time supersymmetries. The conditions Equation 10, and Equation 11 imply that choosing k v 1 only ever eliminates half the total possible states, giving the model the maximal number of gravitinos.
The proof will proceed as follows. The conditions Equation 10 and Equation 11 will be rewritten in terms of the order-2 GSO coefficient k v 1 using the modular invariance constraints for the GSO coefficient matrix
where s i is defined as in Equation 4 . This places a condition on the dot products of the basis vectors 1 and v. A contradiction will be assumed and proven to be logically inconsistent, thus proving the following generalization of Equation 10 and Equation 11
which is sufficient to prove the conjecture. Applying the modular invariance conditions to the above conditions results in
Combining these conditions implies
Note that N R (mod 2) is one. Modular invariance of basis vectors constrains the possible values for the dot products in the above equation. These constraints in general are
where N ij is the least common multiple of the orders of the basis vectors v i,j . For the cases being considered, this implies
Thus, the dot product terms in Equation 18 are integral. A contradiction can be used since either side can only be zero or one. Now the faulty assumption will be applied. Assume, instead of Equation 18 , that the following is true
Splitting the Lorentz dot products into left and right movers, this condition can be further reduced by noting that
In terms of the right movers only, the equation becomes
where N R = 1 (mod 2). The basis vector v can be split into its numerator and denominator.
The denominator of the right mover is N R due to the order of the right movers. Additionally, the numerators are all even integers. This comes from the constraint
The dot products can now be written as a summation.
where m i is an integer and the sum is over the indices of the right mover. Changing the basis to a multiplicative one, in which the value of the basis vector element is the index and the number of elements with that value, N i is summed over, we have
Considering a case by case basis, assume i is even. This means i(i − N R )N i is even. If i is odd, then (i − N R ) is even, so i(i − N R )N i is also even. Therefore every term in the sum is even, so the total sum is even. This implies that if the sum is a multiple of N R , it is an even multiple of N R , and the right hand side of Equation 30 is 0 (mod 2) which is logically inconsistent since the left hand side is 1 (mod 2). If the sum is not a multiple of N R , then it is a non-integral rational number which is also not equal to 1 (mod 2 Moreover, it can be shown that one choice of k v 1 selects the even gravitinos, while the other choice selects the odd. Consider the modular invariance condition Equation 13 applied to this scenario
By Equation 12, k v 1 can only have a value of 0 or 1, and k 1 v is a rational number with denominator N R . Therefore evenness of the numerator determines whether N R k 1 v (mod 2) is 0 or 1, passing either the odd or even gravitinos. Using this information, it is clear that the two choices for k v 1 yield
where k N ij is the numerator of the GSO coefficient. Noting that the right hand side of each equation is an integer, combining them leads to
with the superscript indicating the choice of k v 1 . This equation is only satisfied if the quantity in parentheses is an even multiple of N R . This is true if and only if k
, which means
Ergo, choosing k v 1 admits either the even or the odd gravitinos into the model.
In addition to the conjecture above, there are also models in each of the four data sets with the exact same particle content without supersymmetry. The basis vectors generating these models have the same right movers, but massive left movers 5 . This removes the gravitino generating sector entirely from the model, leaving the model without supersymmetry. This is shown in Figure 2 , where the number of unique models is plotted against the number of space-time supersymmetries. The implications of the conclusions made in this section indicate that there is no correlation between the number of space-time supersymmetries and the gauge content for this class of models. More complicated models will need to be tested to determine whether such a correlation will emerge. 
IV. COMBINATIONS WITH TWO ORDER-2 LAYERS
A. Varying kij 's Figure Figure 3 is a graphical representation of the basis vectors and the models they map to. It can be viewed as a "summary" of the systematic search for this order/layer combination. It is important to note that different basis vectors must be used to build all of the models in the space; one cannot simply choose a basis set and only vary the GSO coefficient matrix (henceforth referred to as the k ij matrix) and get all of the models for these layer/order combinations. It would be worthwhile to find a set of basis vectors which produces all of the models by only varying the k ij matrix.
B. Fixed kij 's
Fixing the k ij inputs to be equal to does not prohibit solutions from being found -all of the models in Figure 3 are present. The comparison of the search results between these two methods are presented in Table V . Notice that if the k ij matrix entries for either search have only one value (either all 0's or all 1's) on the final row (the added basis vectors projecting onto the others in the GSOPs), then the basis vectors from both searches match. If the k ij matrix in the search on the left had multiple values for k ij matrix entries, then the corresponding fixed k ij basis vector has more "breaks" -regions with matching boundary conditions. This suggests a relationship between the k ij matrix "breaking" (meaning matching/non-matching values) and basis vector "breaking." SO(32) (24) SO (32) 
( 1
Comparison of the results between the searches in which the kij matrix was and was not varied for two order 2 basis vectors. The inputs on the left were generated with multiple kij's, while the inputs on the right were generated with a fixed kij.
C. Relation to Order 4 Basis Vectors
One may naively think that a single order-4 basis vector will be able to mimic the degrees of freedom available to two order-2 basis vectors, since 2 × 2 = 4. However, closer examination makes it clear that the two data sets have different degrees of freedom. These degrees of freedom are best considered in the context of possible regions of matching boundary conditions, which determine the complexity of the model 6 . Consider first a single basis vector of order-2. Since there are two values available for the basis vectors to acquire and, since all the boundary conditions for the all-periodic basis vector are identical, reordering of the elements (a redundancy for fermion modes which
( 1 have matching boundary conditions in the other basis vectors in the model) gives two regions of matching boundary conditions.
(
Adding a second order 2 basis vector splits the regions up into four sets of matching boundary conditions. 
For an order-4 basis vector, one assumes that there are still four regions of matching boundary conditions, (0,
2 ). However, because the order-4 basis vector is the first layer with complex (neither integer nor half-integer) phases, there is a symmetry regarding the sign of the those phases. Effectively,
for all complex phases in the basis vector. Thus, the regions of matching boundary conditions for a single order-4 basis vector are
Additionally, the presence of complex phases add sectors to the model which produce fractional charge elements. Order-2 basis vectors produce only half-integer elements in the charge vectors coming from twisted sectors, while an order-4 basis vector produces not only the half integer twisted states, but also quarter integer twisted states. These additional degrees of freedom granted to the state vectors may result in additional symmetries which are unavailable to the sets of order-2 basis vectors. Comparisons between these data sets have been tabulated in Table VI .
Note that the order 4 data set has the SU (16) ⊗ U (1) model, while it lacks the E 8 ⊗ E 8 model. Untwisted boson sectors produce SO(32) gauge groups in ten large space-time dimensions. These are broken by the GSO projections of the twisted sectors into smaller SO(2n) and SU (n) groups. To produce SU (16), a rank 15 gauge group, the twisted sectors must span the entire group charge space. In addition, the twisted sectors must be independentthat is, the basis vectors which produced them must be different -but not orthogonal. This independence allows for contributions from one twisted sector to remove a root coming from the untwisted sector from the possible simple roots of the gauge group, making it an SU (n) ⊗ U (1) group rather than an SO(2n) group. A pair of order 2 basis 
Above are the models along with the inputs from each data set which produced that model. The basis vectors are presented in a real basis. Note that some of the order-6 basis vectors are actually order-3. Specifically, the SO (32) , N = 1 model is produced by the same order-3 basis vectors. The additional order-2 basis vector's contribution is completely projected out.
vectors does not produce enough independent twisted sectors to do this. The order 4 basis vector puts the weights of the adjoint representation in a twisted basis with charges of
4 in addition to the half-integer charges, so three independent twisted sectors are not needed if there are more than half integer charges present in the model. By contrast, the E 8 ⊗ E 8 model does require the twisted sectors to be orthogonal and independent, which cannot be done with a single order-4 basis vector. In an odd-ordered model, the lack of half integer twists produces orthogonal sectors in a twisted basis, allowing the E 8 ⊗ E 8 model to appear for those, but not for order-4 models.
To summarize, the product of the orders does not determine the model spectrum -all possible combinations of orders must be investigated to fully map the model space produced by the free fermionic heterotic construction.
V. THE FULL D=10, LEVEL 1 HETEROTIC LANDSCAPE
The full spectrum of D=10, level-1 models, as mentioned in section II, consists of the eight models presented in Table I . The lowest order for which all the models were built out of a single basis vector was order 6. It is worth testing whether one order-3 and one order-2 basis vector will also produce the full range of models, since 2 × 3 = 6. While similar reasoning was not true for order-4 and two order-2's, this is indeed the case here. The models, and the basis vectors which produced them, are tabulated in Table VII . Schematically, the O3O2 search is summarized by Figure 4 .
Also of interest is whether the full D=10, level-1 model spectrum can be produced using only periodic/anti-periodic modes (order-2 basis vectors). It can indeed, but only with sets of three basis vectors. They are tabulated adjacent to their order-6 counterparts in Table VIII . Schematically, the search is summarized in Figure 5 .
VI. CONCLUSIONS
To conclude, we decided to examine the D=10, level-1 heterotic models to deduce redundancies in the WCFFHS construction method. We conjectured and proved that for all models with a single basis vector, odd ordered right mover and massless left mover, the maximum number of ST SUSYs were present. This implies that searches of this sort in lower space-time dimensions will contain either models with the maximum number of space-time SUSYs or models without space-time supersymmetry. Specifically, in ten dimensions this means single basis vector searches with odd ordered right movers will only have two models: SO(32) and E 8 ⊗E 8 , both with N = 1 space-time supersymmetry.
For searches of two basis vector models, we showed that the basis vectors must be varied to fully map out the model spectrum. The GSO coefficient matrix on the other hand, does not necessarily need to be varied if the basis vectors can produce enough sets of matching boundary conditions. We also showed that the product of the orders across which the search is performed does not necessarily dictate the model spectrum. In particular, we showed that all modular invariant combinations of two order-2 basis vectors do not produce the same models as all possible order-4 basis vectors.
Finally, we showed that the lowest order for which all D=10, level-1 models could be produced from a single basis vector is 6. The lowest combination of orders which produces all of the above mentioned from pairs of basis vectors is O3O2. The lowest number of order-2 basis vectors needed to produce all D=10, level-1 models is three.
The ultimate conclusion of this study is that for simple models, it is very possible to correlate the basis vector and GSO coefficient inputs with the particle content output to a certain extent. These correlations make it possible to further narrow searches by analytically and statistically isolating the properties of basis vectors which give phenomenologically realistic results. Additional work in this area will be to explicitly map out D=8 and D=6 heterotic string models, searching for extra redundancies that occur when there are compact space-time dimensions. 
